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1.
$n$ Euclid , $n$ , $0$ 1 –
. , $0$ 1 , $(d, k)$ .
1. $n$ $0$ 1 $(d, k)$ ,
, $0$ $k$ 1
1 $0$ $d$ .
, $0\leq d\leq k$ $\infty$ , $0\leq d<k=\infty$ $(d, k)$
. , $(d, k)$ $0$ 1 .
, , $n$ $(d, k)$ .




$C_{d,k}^{(n)}$ , $n$ $(d, k)$ . , $m_{1},$ $m_{2},$ $\ldots,$ $m_{n}$ ,
$m_{1},$ $m_{2},$ $\ldots,$ $m_{n}$ .
( [3] ). , $m_{1}=m_{2}=\cdots=$
$m_{n}(=m)$ , - $m$ $n$ $C_{d,k}^{(n)}= \lim_{marrow\infty^{A}m}2\frac{N}{n}10$ .
, .
1. $n$ $(d, k)$ $C_{d,k}^{(n)}$ , (1)$-(5)$ .
(1) $k’>k$ $\Rightarrow$ $C_{d,k}^{(n)},$ $\geq C_{d,k}^{(n)}$ ,
(2) $n’>n$ $\Rightarrow$ $C_{d,k}^{(n)}\geq C_{d}^{(n_{k})},’$ ,
(3) $C_{d,2}^{(n)}d+1 \geq\frac{1}{2d+2}$
(4) $d<k$ , $C_{d,k}^{(1)}>0$ ,
(5) $d<k$ , $d\neq 0$ $k=d+1\Leftrightarrow C_{d.k}^{(2)}=0$ .
1 . [2] . NSF .
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. (1) $(d, k’)$ $(d, k)$ , .
(2) $(d, k)$ $n’$ $0$ 1 , $n$ ,
$n$ $0$ 1 . , $m_{1},$ $\ldots,$ $m_{n},$ $\ldots,$ $m_{n’}$
$N’$ , $m_{1},$ $\ldots,$ $m_{n}$ $N$
, $N’\leq N^{m_{n+1}}m_{n}+2\ldots mn’$ , .
(3) $S=\{1, \ldots, (2/d+2)t\}$ , $n$ $S^{n}$ . $(x_{1}, x_{2}, \ldots, x_{n})\in S^{n}$ , $(2d+2)|$
$\sum_{i=1}^{n}X_{i}$ 1 , $(d+1) \{\sum_{i=1}^{n}X_{i}$ $0$ .
$0$ 1 , $(d, 2d+1)$ .
$C_{d,2d+1}^{(n}) \geq\lim_{tarrow\infty}\frac{\log_{2}2^{(2}2d+)nt/n(2d+2)}{(2d+2)nl^{n}}=\frac{1}{2d+2}$.
(4) 1 , $k<\infty$ $(d, k)$ . $d<k$ ,
2 , Frobenius $\lambda$ 1 .
$C_{d,k}^{(\mathcal{R})}=\log_{2}\lambda$ ( [4] ). $k=\infty$ , (1) .
(5) [3] . :
$n$ (2) , $\lim_{narrow\infty}C_{d,k}(n)$ .
$C_{d,k}^{(n)}$ . , 1 $(d, k)$
- . $(d, k)$ .
, 2 1 ‘ ’ –
(2, 3 $(0,1)$ , [1] [5] ). ,
‘ ’ , ( - ‘ ’)




, , $d$ $k$ .
1. $n>1$ $d<k$ , $d\neq 0$ $k=d+1\Leftrightarrow C_{d,k}^{()}n=0$ .
2. $d<k$ , $k \leq 2d\Leftrightarrow\lim_{narrow\infty}C_{d}(,n)=\mathrm{o}k$.
$(d, k)$ , 1 ,
. , 2 3
. , Kato $\mathrm{Z}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{r}[3]$ 2 1(5) .
, – , 1 , 2
, , 2 .
2. 1
1 . 1 $\Rightarrow$ 2 ( $1(5)$ )
$d\neq 0$ $k=d+1\Rightarrow C_{d,k}^{(2)}=0$
( $1(2)$ ) . $\Leftarrow$
$d=0$ $k\geq d+2\Rightarrow C_{d,k}^{(n)}>0$
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. $d=0$ , 1(1) (3) $C_{0,k}^{(n)},$ $\geq C_{0,1}^{(n)}\geq\frac{1}{2}(k’>1)$ .
$d>0$ $k\geq\cdot d+2$ , 1(1) $C_{d,k}^{(n)}.’\geq C_{d,d+}^{(n)}2(k’>d+2)$ ,
$d=1$ 1(3) $C_{1,3}^{(n)} \geq\frac{1}{4}$ . , $d>1$ $C_{d,d+}^{(n)}2>0$
. 22 . .
2.1.
$S=\{0,1, \ldots, d+1\}$ . - $d+2$ $n$ Sn $0$ 1 $f$ : $s^{n}arrow\{0,1\}\subseteq$
$Z$ $n$ , $s^{n}$ $l$ $f$ $f|_{l}$ - 1
$0$ . Sn - , ,
$(d+1, d+1)$ .
, $s^{n}$ - 2 $n$ $U=(a_{1}, a_{2}, \ldots, a_{n})+\{0,1\}^{n}$ , $U$
$0$ 1 $f|_{U}$ , , $U$ $l$ $f$ $f|\iota\cap u$
- 1 $0$ . - 2 , $f|\iota\cap u$ $0$ 1
– . , U $0$ 1 , 1 $0$
. , $U$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\chi$ $\chi$ : $s^{n}arrow\{-1,0,1\}\subseteq Z$
$\chi(X_{1}, x_{2}, \ldots, x_{n})=\{$
$\prod_{i=1}^{n}(-1)x:-a$ : $0\leq x_{i}-a_{i}\leq 1(i=1,2, \ldots, n)\text{ }$ ,
$0$
, $f-\chi$ ( $f+\chi$ ) . , Sn
. , - 1
– , ,
$(d, d+2)$ . $C_{d,d+2}^{(n}>0$) .
, , .
, $C_{d,d+2}^{()}n$ , ,
( 3, $4$). , .





. $M\subseteq$ . $l$ , $\mathrm{s}\mathrm{u}_{\mathrm{P}\mathrm{P}\chi_{\lambda}},$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\chi_{\mu}(\lambda, \mu\in M)$
, $l$ 1 2 , . ,
$\lambda\in M$ $l\cap \mathrm{s}\mathrm{u}_{\mathrm{P}\mathrm{P}}\chi_{\lambda}\neq\phi$ , $(f- \sum_{\mu\in M}\chi_{\mu})|\iota=(f-\chi_{\lambda})|\iota$ . , $f- \sum_{\mu\in M}\chi_{\mu}$
. – 1 , $f- \sum_{\mu\in M}\chi_{\mu}$ $f- \sum_{\mu\in M’}\chi\mu(M, M’\subseteq\Lambda)$
1 - . , $f- \sum_{\mu\in M}\chi_{\mu}(M\subseteq\Lambda)$
, $(d, d+2)$ . $2^{|\Lambda|}$
– $(d+2)t$ , ,
$C_{d,d+}^{(n)} \mathrm{z}\geq\lim\underline{\log_{2}2^{|\Lambda|}t^{n}}=\frac{|\Lambda|}{(d+2)^{n}}$ .
$tarrow\infty(d+2)^{n}t^{n}$
$S=\{0,1, \ldots , d+1\}$ . $n$ Sn $n$ , $f$ ; $S^{n}arrow S$
, $S^{n}$ 1 $f$ $f|\iota$ .
, Sn-l Sn – .
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2. $S=\{0,1, \ldots, d+1\}$ . Sn $f$ , $z$ $f(x1, \ldots, x_{n-}1, z)=$
$1$ – $Z=x_{n}$ $\varphi(f)$ $(\varphi(f))$ ( $X_{1},$ $\ldots$ , Xn-l) $=x_{n}$ . , $\varphi(f)$ Sn-l
, $\varphi$ . Sn $f1,$ $f_{2}$ , (1), (2) .
(1) $f_{1}-f_{2}$ $(a_{1}, a_{2}, \ldots, a_{n})+\{0,1\}^{n}$ ,
(2) $\varphi(f_{2})-\varphi(f_{1^{)}}$ $(a_{1}, \ldots, a_{n-}1)+\{0,1\}n-1$ $a_{n}=(\varphi(f1))(a1, a2, \ldots, a_{n-1})$ .
. $j=1,2,$ $\ldots,$ $n-1$ $c_{1},$ $c_{2},$ $\ldots,$ $Cn-1\in S$ , $x$ $y$
$f(c_{1}, \ldots, c_{j-1j+1}, x, C, \ldots, c_{n-1}, y)=1$
. $f$ , $x\mapsto y$ . $\varphi(f)$ .
, $g$ , $\psi(g)$
$(\psi(g))(X1,X_{2}, \ldots, xn-1, xn)=\delta_{g(}x1,x2,\ldots,xn-1),xn$
. , $\delta$ Kronecker . $\psi(g)$ . $\psi$, $\varphi$
, , $\varphi$ .
(1) $\Rightarrow(2)$ . $(x_{1}, . . , , x_{n-1})\in(a_{1}, \ldots, a_{n-1})+\{0,1\}^{n-1}$ , $(.f_{1}-f_{2})(x_{1},$ $\ldots,$ $x_{n-1}$ ,
$a_{n})= \prod_{i=1}^{n-}1(-1)x:-a$ ; $f1(x_{1}, \ldots, x_{n-1}, a_{n}+1)=f_{2}(x_{1}, \ldots, x_{n-1}, a_{n})$ . ,
$f1(x_{1}, \ldots, x_{n-1}, a_{n})=f1(x_{1}, \ldots, x_{n-1}, a_{n}+1)+\prod_{i=1}^{n-1}(-1)x:-a_{i}$ ,
$( \varphi(f1))(X1,X_{2}, \ldots, x_{n-1})=a+n\frac{1-\prod_{i=}^{n}-1(1-1)^{x}\cdot-a_{i}}{2}.$.
. ,
$( \varphi(f2))(X1, X_{2}, \ldots, x_{n-1})=a+n\frac{1+\prod_{i=}^{n-}1(1-1)^{x_{i}}-a}{2}.\cdot$
. , $\varphi(f_{2})-\varphi(f1)$ $(a_{1}, a_{2}, . . . , a_{n-1})+\{0,1\}^{n-1}$
, $a_{n}=(\varphi(f_{1}))(a_{1}, a_{2}, \ldots, a_{n-1})$ . (2) $\Rightarrow(1)$ .
2 , 1 .
1’. $S=\{0,1, \ldots, d+1\}$ , $g$ : $S^{n-1}arrow S$ .
$\{\chi_{\lambda}\}_{\lambda\in\Lambda}$
$\chi_{\lambda}$ $g+\chi_{\lambda}$ $C_{d,d}^{(n)}+2 \geq\frac{|\Lambda|}{(d+2)^{n}}$ .
. $n-1$ $g,$ $g+\chi_{\lambda}$ , 2 $\varphi^{-1}$ $n$ $\varphi^{-1}(g)$ ,
$\varphi^{-1}(g+\chi_{\lambda})$ . $\varphi^{-1}(g)-\varphi-1(g+\chi_{\lambda})$ $n$ . 2
, $n-1$ $\{\chi_{\lambda}\}_{\lambda\Lambda}\in$ , $n$
.
2.2.
$d$ 3 4 , 1 .
3. $n>1$ , $d>1$ $C_{d,d}^{(n)}+2 \geq\frac{1}{2^{n-1}(d+2)}$ .
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. $S=\{0,1, \ldots, d+1\}$ . $x_{1},$ $x_{2}\in S$ , $0\leq x_{1}-a_{1}\leq 1$ $0\leq x_{2}-a_{2}\leq 1$
$a_{1}$ , $a_{2}$ ,
$e(x_{1}, X_{2})=(a_{1}+a_{2}+ \frac{1-(-1)^{x\iota\iota}-a(-1)x_{2}-a_{2}}{2})\mathrm{m}\mathrm{o}\mathrm{d} (d+2)$
( , $a\mathrm{m}\mathrm{o}\mathrm{d} b$ $a$ $b$ ). 1 $x\mapsto e(x, x_{2})$ ,
$x_{2}$ $e(x, x_{2})=(x+x_{2})\mathrm{m}\mathrm{o}\mathrm{d} (d+2)$ , . $x_{2}$ ,
$a_{1},$ $a_{2}\in S$ $e(a_{1}+1, a_{2}+1)=e(a_{1}, a_{2})$ $e(a_{1}, a_{2}+1)=e(a_{1}+1, a_{2})$
, . 2 , $e$ 2
. $g_{1}$ : $Sarrow S$ $S$ idS , $g_{n+1}=e\mathrm{o}(g_{n}\cross \mathrm{i}\mathrm{d}_{S})$ $g_{n}$ : $S^{n}arrow S$
. , ,
$e$ , $g_{n}$ .
, $a_{1},$ $a_{2},$ . . , , $a_{n}\in S$
$g_{n}(X_{1}, X_{2}, \ldots, x_{n})=(\sum_{i=1}a_{i}n+\frac{1-\prod_{i1}^{n}=(-1)^{x}\cdot-a}{2})$ mmod $(d+2)$ $(0\leq x_{i}-a_{i}\leq 1, i=1,2, \ldots, n)$
, $n$ . $n=1$ , $g_{1}=\mathrm{i}\mathrm{d}_{S}$ . $n=m-1\geq 1$
. $a_{1},$ $a_{2},$ $\ldots,$ $a_{m}\in S$ . $\sum_{i=}^{m-1}1a_{i}$ $a_{m}$ , $0\leq x_{i}-a_{i}\leq 1$
$(i=1,2, \ldots, m)$ $\frac{1-\prod_{i=1}^{m-1}(-1)^{x:-a}i}{2}$ ( $=t$ ) $x_{m}-a_{m}$ $0$ 1
,




, $a_{1},$ $a_{2},$ $\ldots,$ $a_{n}\in S$ , $(a_{1}, a_{2}, . .., a_{n})+\{0,1\}^{n}$ $\chi$
,
$(g_{n}+\chi)(X_{1}, X_{2}, \ldots, x_{n})$
$=\{$
$g_{n}(a_{1}, a_{2}, \ldots, a_{n})+\frac{1+\prod_{i1}^{n}=(-1)x_{i}-a:}{2}$ $0\leq x_{\dot{*}}-a_{i}\leq 1(i=1,2, \ldots, n)$ ,
$g_{n}(x_{1}, X_{2}, \ldots, x_{n})$
. , $g_{n}$ $g_{n}+\chi$ . $\chi$
, $( \frac{d+2}{2})^{n}$ . , $1’$ ,
$.C_{d,d+}^{(n}+1)2 \geq\frac{1}{2^{n}(d+2)}$ .
4. $n>1$ , $d>1$ , $C_{d,d}^{(n)}+2 \geq\frac{1}{(d+2)^{n}}$ .
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$2\alpha+2\alpha+102\alpha_{0}2\alpha_{02\alpha+\alpha+1}22\alpha \mathrm{o}_{1}00^{+}2\alpha++22\alpha 0^{+2}2100_{2}0^{\cdot}.\cdot 00^{\cdot}.\cdot..\cdot 2\alpha.\cdot.\cdot..\cdot.+\cdot.\cdot.1\mathrm{O}2\alpha.\cdot..+.2^{\cdot}0.02\alpha_{0}+d-.112..\alpha+22\alpha+1\mathrm{o}0.2\alpha+d+12]$ ,
$\alpha$




$2\alpha+102\alpha+22\alpha+22\alpha+12\alpha 0.\cdot..\cdot.\cdot..0+22\alpha 0^{+10^{+2}2}2\alpha 2\alpha+\mathrm{O}1’\alpha+22\alpha.+.12\alpha_{0}+22\alpha_{\mathrm{O}^{+1}}2\alpha+22\alpha+1]$
. , $M^{(\alpha)}=(m_{ij}^{(\alpha)})(i,j\in S)$ 3 .
(1) $M^{(\alpha)}$ , $2\alpha+1$ $2\alpha+2$ ,
$\{i|m_{i}^{(\alpha)}j=2\alpha+1,j\in S\}=\{i|m_{i}^{(\alpha)}j=2\alpha+2,j\in S\}=\{2\alpha, 2\alpha+1, \ldots, d+1\}$
( ),
(2) $m_{ij}^{(\alpha)}\neq 0$ $m_{ij}^{(\beta)}\neq 0$ $\Rightarrow$ $\alpha=\beta$ ,
(3) $\alpha=0,.1,$ $\ldots$ , $\frac{d-1}{2}$ $m_{ij}^{(\alpha)}=0 \Rightarrow[\frac{i}{2}]+[_{2}^{i_{-}}]\leq\frac{d-3}{2}$ $i+j=d$
$(i,j)=(d+1, d+1)$ ( , $[x]$ $x$ ).
$M^{(\alpha)}$ , $e$ : $S^{2}arrow S$ , $(\text{ })-(\text{ }))$ . (2), (3)
, ( )-( \) .
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( ) $[^{\underline{x}_{2}} \perp]+[^{\underline{x}_{2}}2]\leq\frac{d-3}{2}$ , $0\leq x_{1}-a_{1}\leq 1$ $0\leq x_{2}-a_{2}\leq 1$ $a_{1},$ $a_{2}$ ,
$e(x_{1},X_{2})=a_{1}+a2+ \frac{1-(-1)^{x_{1^{-}}}a1(-1)^{x_{2}}-a_{2}}{2}$ ,
$(\mathfrak{o})x_{1}+x_{2}=d$ $(x_{1}, x_{2})=(d+1, d+1)$ , $e(x_{1,2}x)=d+1$ ,
$(\text{ }\rangle)m_{x\iota x_{2}}^{(\alpha)}\neq 0$
$\alpha=\alpha_{0}$ , $e(X_{1}, x_{2})=(m_{x_{1}x_{2^{-}}}^{(\alpha}30))\mathrm{m}\mathrm{o}\mathrm{d} (d+1)$.
( ) , $y=0,1,$ $\ldots,$ $d-2$ , $e(x_{1}, x_{2})=y$ $x_{2}$ $x_{1}$
$\{x_{1}|e(X_{1}, x_{2})=y, x_{2}\in S\}\supseteq\{0,1, \ldots, 2\lfloor\frac{y}{2}\rfloor+1\}$
. , $M^{(\alpha)}$ (1) ( $\backslash$ ) , $y=0,1,$ $\ldots,$ $d-2$ , $e(x_{1,2}x)=y$
$x_{2}$
$\{x_{1}|e(x_{1}, x_{2})=y,x_{2}\in S\}\supseteq\{2[\frac{y}{2}]+2, \ldots, d, d+1\}$
. ( \) ( ) , $y=d-1,$ $d,$ $d+1$ , $e(x_{1}, x_{2})=y$ $x_{2}$
$x_{1}$ $S$ – . , $x_{1},$ $y\in S$ , $e(x_{1}, x_{2})=y$ $x_{2}$
. $x_{2},$ $y\in$
.
$S$ $e(x_{1,2}x)=y$ $x_{1}$ , $e$ 2
.
3 , $g_{1}=\mathrm{i}\mathrm{d}_{S}$ $g_{n+1}=e\mathrm{o}(g_{n}\cross \mathrm{i}\mathrm{d}_{S})$ $g_{n}$ : $S^{n}arrow S$
. $a_{1},$ $a_{2},$ $\ldots,$ $a_{n}( \sum_{i=1}^{n}a_{i}\leq d-3)$
$g_{n}(x_{1}, X_{2}, \ldots, x_{n})=\sum_{1\dot{8}=}^{n}ai+\frac{1-\prod_{i1}^{n}=(-1)^{x.-}a:}{2}$
.
$(0\leq x_{i}-ai\leq 1, i=1,2, \ldots, n)$
, 3 . , $(a_{1}, a_{2}, . .arrow’ a_{n})+$
$\{0,1\}^{n}$
$\chi$ , $g_{n}+\chi$ . $\chi$
, $n+1H_{\frac{d-3}{2}}$ . $H$ . , 1’ ,
$C_{d,d+}^{(n+1)}2 \geq\frac{n+1H_{\frac{d-3}{2}}}{(d+2)n+1}=\frac{1}{(d+2)^{n+1}}$ . $\square$
3. 2
2 . 2 $\Leftarrow$
$k\geq 2d+1\Rightarrow$ $\lim_{narrow\infty}C_{d,k}^{()}n>0$




5. $d<k\leq 2d$ , $C_{d,k}^{(1\rangle}n+ \leq\frac{k-d}{k-d+1}C_{d,k}^{(n)}$ .
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. $s,$ $t$ , $S=\{1,2, \ldots , s\}$ . $n+1$ $T,$ $U_{0},$ $U_{j}(j=1,2, \ldots, t)$
$T=\{(x_{1}, \ldots, x_{n},x_{n+1})|x_{1}, \ldots,x_{n}\in S, -d\leq x_{n+1}<(k-d+1)t\}$ ,
$U_{0}=\{(x_{1}, \ldots,x_{n},x_{n+1})|x_{1}, \ldots, x_{n}\in S, -d\leq x_{n+1}<0\}$ ,
$U_{j}=\{(x_{1}, \ldots, x_{n},x_{n+1})|x_{1}, \ldots, x_{n}\in S, (k-d+1)(j-1)<x_{n+1}<(k-d+1)j\}$
, $U= \bigcup_{j=0^{U}j}^{t}$ . $(d, k)$ , $T$ $N_{T},$ $N_{U_{j}}$
$(j=0,1, \ldots,t)$ . $N_{T} \leq\prod_{j=0}^{t}Nu_{i}$ . $U\subseteq T$ , $(d, k)$ , $T$
$f$ $-$ U $f|u$ – . $f|u$ $(d, k)$ .
, $r:f\mapsto f|u$ .
, $(d, k)$ , $T$ $f_{0},$ $f1$ $\neq f1$ $f_{0}|u=f1|u$
. , $c_{1},$ $\ldots,$ $c_{n}\in S$ $j$ $(=0,1, \ldots , t)$ $(c_{1}, \ldots, c_{n}, (k-d+1)j)\neq$
$f_{1}(c_{1}, \ldots, c_{n}, (k-d+1)j)$ . $c_{1},$ $\ldots,$ $c_{n}$ – , $j$ $J$ . $-$
, $f_{0}(c_{1}, \ldots, c_{n}, (k-d+1)J)=0$ $f1(C_{1}, \ldots, \mathrm{c}_{n}, (k-d+1)J)=1$ .
$f_{0}|u=f1|u$ $J$ ,
$fo(c1, \ldots, c_{n}, x)=f1(C_{1}, . , . , c_{n}, x)$ ($-d\leq x<(k-d+1)(J+1)$ $x\neq(k-d+1)J$)
. $k\leq 2d$ $(k-d+1)(J+1)-1\leq(k-d+1)J+d$ . $f1(c_{1},$ $\ldots,$ $c_{n},$ $(k-$
$d+1)J)=1$ , $fi$ 1 1 $d$ $0$ ,
$f\mathrm{o}(c_{1}, . . , ,c_{n}, x)=f1(c_{1}, \ldots, c_{n}, x)=0((k-d+1)J-d\leq x<(k-d+1)(J+1)l\mathrm{a}\cdot \mathcal{D}x\neq(k-d+1)J)$
. - , $f_{0}(c_{1}, \ldots, c_{n}, (k-d+1)J)=0$ ,
$f_{0}(c_{1}, \ldots, c_{n},x)=0$ $((k-d+1)J-d\leq x<(k.-d+1)(J+1))$
, $k+1$ $0$ . .
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